The single-row routing approach for layout has attracted a great deal of interest and is in a position to become one of the fundamental routing methods for high density multilayer printed wiring boards (PWB's).
1.

Introduction
In the assembly of digital systems, multilayer printed wiring boards (PWB's) are used very often to provide the necessary interconnection among circuit modules. Recent advances in the technology of micro electronics have changed the design rule for these PWB's. The number of etch paths between two consecutive pins of an ordinary dual in line package (DIP) is allowed to be three or more. In such a case a set of sophisticated routing schemes to realize 100 percent wiring would be one of the most essential factors to reduce the cost and time incurred in laying out wire patterns. Thus, development is continuing on further sophisticated routing approaches for PWB's.
As is pointed out by [1] , the deficiency common to conventional routers, such as maze-running routers [2] [3] [4] and line-search routers [5, 6] , is that they lack in "topological fluidity," that is, the capability to defer detailed wire patterns until connections have been considered.
Especially for line-search routers, which are used to be executed track by track, this deficiency is fatal when several etch paths are allowed between two consecutive pins in a DIP. Thus, in the case of high density wiring, of practical use are other routing approaches, which exhibit more topological fluidity, such as the channel router [7] and single-row routers [8] [9] [10] .
The single-row routing approach, first introduced by So [8] , has the promise to become one of the fundamental routing methods and is attracting a great deal of interest in terms of its applications not only to largescale backboard wiring [8, 9] , but also to circuit card wiring [1, 10, 11] .
A specific development has been accomplished on this approach -2- recently. Necessary and sufficient conditions for optimum single-row routing have been obtained f12], However, there remains the key problem of deriving an efficient algorithm for finding a realization with a pre scribed set of upper and lower street congestions (or track numbers).
If this can be obtained, optimum single-row routing can be employed in conjunction with the line-search router [5] in such a way that the search for possible line segments is implemented channel by channel, with all connections within each channel completed later by single-row routing.
In this case, of primary importance is the problem as to what is necessary and sufficient for realizability of single-row routing with some specific numbers imposed on upper and lower street congestions.
The present paper first considers necessary and sufficient conditions for the single-row routing problem, and then describes an efficient routing algorithm for the special cases of upper and lower street congestions up to two. These have enormous potentialities to be extensively used in the practice of PWB wiring.
The conditions obtained are alternate to that of in [12] , but they are particularly suited for algorithm development as illustrated in the cases where the number of street congestions is small. For purpose of clarity, necessary terminology and concepts are given in Sections 2 and 3.
Necessary and sufficient conditions for realizability are given in Section 4. Theorems and algorithms for the special cases with street congestions 2 or less are derived in Sections 5 and 6.
Preliminaries
Consider a set of r nodes evenly spaced on the real line R as shown in Fig. 1 , where each node corresponds to a pin (drilled-through hole to -3-reach all layers) or a via (plated-through hole to be used for intercon nection between layers), A set of nodes on R to be interconnected is referred to as a net, and a set of nets is designated as a net list.
Given a net list L = {N1,N2,...,N } on R, the interconnection for each net N± is to be realized by means of a set of paths, which consist of horizontal and vertical line segments according to specification. Nl ={WV7}' N2 ={v2'V' N3 ={v3'V> N4 ={v6'V» (1) the interconnection for each net is realized as shown in Fig. 2 . This way of realization for a given net list on R is called single-row (single-layer) routing [9] , where upward and downward zigzagging is allowed, but not forward and backward zigzagging. In this realization, the space above the real line R is designated as the upper street, and the space below R as the lower street. Given a realization, the number of horizontal tracks necessary in the upper (lower) street is called the upper (lower) street congestion. For example, in the realization of Fig. 2 , the upper and lower street congestions are one and two, respectively.
Using these terms, the problem to be considered in this paper is formulated as follows: Given a net list L defined for r nodes on real line R, and integers Ku and Kw, find a realization with the upper and lower street congestions equal to or less than K and K , respectively.
Henceforth, without loss of generality, this problem is discussed under the following assumptions; I. every net of a given net list contains at least two nodes, 
Thus, we have
x + y > 2h -(K+Kw).
Hence the lemma. a
It should be noted that this lemma is a generalization of the necessary condition stated in [9] which was considered under the assumption that the upper street congestion is equal to the lower street congestion.
As in [9] , let us define the cut number q(N ) of net N. as the max imum of the cut numbers of nodes belonging to N., i.e.,
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Then, we have the following lemma without proof.
LEMMA 2 [123: Assume that P(L,Ku,Kw) is true, then there is at least one net N± such that q(N±) < Ku, and at least one net N. such that q(N.)
< K , and for all N G L, q(N, ) < K + K -1.
Thus, the necessary conditions so far stated for P(L,K ,K ) to be u w true are summarized as follows. Thus, these conditions Al, A2, and A3 are also sufficient conditions for P(L,Ku,Kw) to be true; and hence we have the following theorem. Hence the main problem here is how to construct an efficient algorithm to generate a sequence s so as to satisfy A3 for a given net list L satisfying Al and A2.
In the following we restrict ourselves to the special cases of (i)
Ku » 2 and Kw = 1 and (ii) Ku = Kw = 2, which are of practical use in high density wiring for PWB's. Among these three conditions, B3 has much room to be simplified.
In the following we consider this simplification. and I such that |L(I )OL(I2) |=2and Kl1)^L(I2) .
The necessity is evident from lemmas stated above. To prove the sufficiency we have only to show that given anet list L satisfying CI, C2, and C3, we can always find an ordered sequence s of nets as stated in B3. To this end, we can construct an algorithm to generate such a sequence s correctly, as follows. Noting that if at the stage of 5°, G is found to contain a cycle, then C3 and therefore B3 are proved to be violated, it can be seen that ALGORITHM I always seeks a desired sequence if CI, C2, and C3 are satisfied 
LEMMA 8: Suppose that q = 3 and |L(I)| = 2 for any 3-interval I. 1 2 If there exist any two consecutive 3-intervals I and I such that |LdX) n L(I2)| = 3and Ld1)^L(I2), then P(L,2,2) is false.
We can also prove the following theorem corresponding to Theorem 2. as shown in Fig. 6(a) . Apply ALGORITHM II to this L, then the acyclic graph G* is constructed for each 3-interval and combined into the graph G. Consequently, the graph G of Fig. 6(b) is generated, from which we can obtain a desired sequence, for example, s = (N^N^N^N^N9»N1(),N6,N , N^,N2). Associated with this s, L is realized as shown in Fig. 6(c) .
Here, it should be noted that for this L the algorithm proposed in [9] can not find any realization with K = K =2. Noting that Steps 4°, 5°, and 6°are easily implemented in 0(|v|+|k|) time, we see that the total time required by loop 3°-6°is 0(£»(|v|+|f|)), therefore 0(£-(n+JO).
On the other hand, Steps 1°and 7°are easily implemented in O(n-r) time and 0(n) time, respectively.
Conclusion
In this paper we have first derived necessary and sufficient eondil ion:
for realizability of single-row routing with some specific numbers imposed on upper and lower street congestions. Then, based on them, we have considered the special cases of upper and lower street congestions up to two, and proposed two algorithms. These have good possiblities to be extensively used in the practice of PWB wiring, especially when lInwiring density increases to such an extent that several etch pal lis artallowed between two consecutive pins in an ordinary DIP.
The extension of the algorithms to larger street congest ion:; :;l iII needs to be worked out.
Finally, it should be pointed out that between-nodes congestion,
i.e., the maximum number of connecting paths between two consecutive nodes on R, is often of practical interest. Although we have not dealt with this, it can be readily seen, however, that the between-nodes congestions is equal to or less than min[K ,K ]. u w Fig. 1 A set of r nodes on R. Fig. 2 . A realization of net list L of (1). Fig. 3 . An interval graphical representation. Fig. 4(a) . The reference line for the interval graphical representation of Fig. 3 . Fig. 4(b) . A realization associated with the interval graphical representation of (a). 6(c) . A realization.
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